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Trigonometric
Functions

Lesson at a Glance

1. Definition: Radian. Radian is an angle
subtended at the centre of the circle by an arc
length equal to the radius of the circle. In the
adjoining figure,
£ AOB = 1 Radian where arc AB = Radius of A B
the circle and O is the centre of the circle.

2. In a circle of radius r, if an arc of length ! subtends an
angle 0 radians at the centre, then I = rf.

3. (¢) Radian measure = Degree measure x 1:00 .
(.© 180° = n Radians).
() Degree measure = Radian measure x 180°
T

(-.' = Radians = 180°)
(c) 1° = 60 minutes (= 60) and 1 minute = 60 seconds (= 60")

cl.(tz)cosec:t:----.L (b) sec x = {c)cot x = .
sinx CoOS X tan x
B (@) tanx = =% (b)cotx:-c?ﬂ.
cos x sin x

6. (Hcos?x +sin®x=1.
(if) sec® x — tan? x = 1. | square relations
(iii) cosec® x — cot®x = 1.
7. ()-1< sinx<1and -1 <cosx <1ie. sinx and cos x
e [-1, 1].
(#) secx<-lor>landcosecx<-lor»1
ie secxandcosecxe R~ (-1, 1)
(iii) tax x and cot x can assume all real values
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8. (i) Period of sin x, cos x, sec x and cosec x is 21
(i) Period of tan x and cot x is 7.

9. Rule. ASTC

Y
A

All

il I
sin and cosec
X< > X
0
mI v
tan cos
and cof and sec.

Vv
YI

10. Three important rules for i-ratios of allied angles:
Rule 1. Tiratios of (2nz + 8) or (n x 360° + 0) are the
same as those of 0, n being an integer.

For example, sin (6x + 0) = sin (3 x 2% + 6) = sin 0,
cos (8 x 360° + 0) = cos 0 and tan (5 x 360° + 45°) =tan 45° = 1.

Thus, any number of revolutions, i.e., n x 21, n € Z can
be added to or taken away from an angle without
affecting its Z-ratios,

Rule 2. To write down the t-ratios of an angle allied
fo 0.

(i) Assume 6 to be a positive acute angle (even if not so,
because the form of the result is the same for all values
of 8) and determine the quadrant in which the allied angle
lies and

Use the rule ‘All-sin-tan-cos’ to find the sign of the
{-ratios in this quadrant.

Thus,

90° — 0, 360° + 0 lie in 1st quadrant.

90° + 0, 180° — 6 lie in 2nd quadrant.

180° + @, 270° — 0 lie in 3rd quadrant.

— 6, 360° — 0, 270° + 0 lie in 4th quadrant.

The quadrant of the above angles can easily be learnt from
the given figure on next page.
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11.

13.

4

(ii) If the allied angle is
- 6, 180° =+ 6, 360° = 0,
ete. (i.e., nx90°+H Where n 90 + 0 6,90 -0
is an even integer), the 180 - @ 360 + 0
t-ratio is not altered.

(iii) If the allied angle is 0
90° = 6, 270° = 0, ete. (.e., 180 + 6 270 + 0
n x920° £ 0) where r is an 270 — @ 360 -0, 0
odd integer, the t-ratio
changes. v

L
L

Thus, sin — cos,

tan — cot, see ——— cosec.

Hence, add ‘co’ if absent and remove ‘co’ if present.
Remark. While applying Rule 2,

Firstly apply rule 2 (i) namely All-sin-tan-cos and then
apply rule 2 (ii) or rule 2 (iii).

Rule 3. To express t-ratios of any negative angle in
terms of those of a positive acute angle.

If the angle is negative, make it positive by using the
formulae for t-ratios of — 0 (of course we know from the
above figure that — 0 lies in 4th quadrant).

cos (— @) = cos 6, sec (— 0) = gec 0, sin (— B) = — sin 6,
cosec (— 6) = — cosec 8, tan (-~ 6) = — tan 0, cot (- 0)
= — cot 0.

Now apply Rules I and II

(@) sin (x + ¥) = 8in x cos ¥ + cos x sin y
(b) sin (x — y) = sin x cos ¥ — cos x sin ¥.
(a) cos (x + y) = cos x cos y — 8in x sin ¥
(&) cos (x — ¥) = cos x cos y + sin x sin y.

@) tan (x + y) = ftanx+tany
l-tanxtan y
tan x - tan y
b) tan (x - = ———
® (x -y 1+ tan z tan y
. cotAcotB-1
tA+B)= ———
(€) cot (A + B) cotB+cot A
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14.

15.
16.
17.
18.
19.

21.

R

B

B K

cotAcotB+1
cotB—cot A

(@) tan [%+x] o L¥tanz

(d) cot (A-B) =

" 1-tanx
®) tan [I‘_-x) _ l-tansx
4 1+fanx
sin (x + y) sin (x — ¥) = sin® x — sin® y.
cos (x + y) cos (x — y) = cos® x — sin? y,
2 sin A eos B = sin (A + B) + sin (A - B).
2 cos A sin B = sin (A + B) — sin (A — B).
2 cos A cos B = cos (A + B) + cos (A— B).
2 sin A sin B = cos (A — B) — cos (A + B).
C+D C-D

. sin D = 2 s
sin C + sin gin 2 cos 2

sinC—sinD =2 cos C;D sin C;D.

cos C +cos D = 2 cos C;D cos C;D.

cos C—cos D = — 2 sin C;D sin C;D.

CcC+D . D-C

= 2 sin

sin .
2 2 _
2tan x

sin2x=2si.nxcosx-—-——2—.
1+tan” x

(C-D
Formulae)

cos 2x=cos?x —sin2x =2cos?x-1=1-2s5in’x

_ 1-tan®x

- l+tan®x

1-cos2x
2

1+ cos 2x

—

From result 26; sin® x =

and cos? x =

2tanx

tan 2r = ————.
1-tan“x
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29. sin 3x =3 sin x — 4 sin® x.
30. cos 3x =4 cos® x — 3 cos x.

P

31. m&:M.

1-3tan“ x
2. sin 18°= ¥O-L.

4
33. cos36°=Jg+1.

4
34, coslB°=———-——-—ME.

4
5. s < 0-2

Formulae from 36 to 42 are for general solutions
(i.e. values of the variable from - o to oo satisfying
a given T-equation).

36 sinx =0 = x = nxN, where n ¢ Z.

87. cosx=0 = x=(2n+1)g,wherenez.
38. tanx =20 = x =nn, wheren ¢ Z.

39. sinx=8ny = x=nn+(—1)"y, wheren € Z.
40, cosx=cosy = x=2nmn +y, wheren € Z,
4], tanx=tany = x=nrrn + ¥, where n ¢ Z.

42, sin® x = gin® y
c052x=coszy} = x=nn*xy where n € Z.
tan? x = tan® y

43. To solve the classic equation @ cos x = b sin x = ¢, divide

both sides by \/aZ +b2.

In any triangle ABC,

a b c .
44'sinA_sinB—sinC' (Smeformuh)
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b2 +c® ~a®
45. co0s A= ———
s %be
2., 2 12
cos B = c—u . (Cosine formulae)
2ca
2 .32 .2
cos C= & F¥O -
2ab
486. a=>bcos C + ¢ cos B.
b=ccos A+acosC. (Projection formulae)

c=acos B+ beosA.

TEXTBOOK QUESTIONS SOLVED

EXERCISE 3.1 (Page No.: 54-55)

1. Find the radian measures corresponding to the
following degree measures:

@) 25° @) - 47°30°  (iid) 240° (iv) 520°.
Sol. Since 180° = 1 radians ». 1° = % radians
N oRo _ ® L b
() 26° = 25 x 180 radians = 36 radians
. ., bm
Radian measure of 25° is 36"
.. — 1° 8 ® .
{#H) — 47°30 _—472 == X 180 radians
oef2)4)
60 2
= Lo radians
72
. . 197
Radian measure of — 47°30° is — g
" 5 _ . T
() 240° = 240 x 180 radians = 3 radians
. . 4n
Radian measure of 240° is 3
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. o _ o . 26m .
() 620 —520><180 radians = 5 radians

Radian measure of 520° is —Zgﬁ

2. Find the degree measures corresponding to the

following radian measure: (Use n =¥]

11 o & LX) Bn - 7“
@ T @) -4 (Eit) 3 @Gv) R
. . . 180°
Sol. Since n radians = 180° s 1 radian = -
o111 . 11 180°
@) 16 radians = 16 x -

_(lx45 7 °  815°
a 4 2] ~ 8

180'
8[180/22'
16
20
16
4% 60

8 ’—“7240 30"
240

x
Ans. 39°, 22', 30"
@#) —4radians=-4 x 180° _ [-—720xi]
s 22
2620°
o1
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3
Ans, 229°, §', 27" approximately.

(i) == radians = 5—’: X 180 = 300°
3 3 i1
7 TR o

(v) % rad.iar:m:l%jt X 180 = 210°,

3. A wheel makes 360 revolutions in one minute.
Through how many radians does it turn in one

second?
Sol. Number of revolutions in one minute = 360
= Number of revolutions in one second = %:

Since 1 revolution = 360° = 2x radians
6 revolutions = 6 x 2n = 12x% radians
= Number of radians turned in one second = 12x.

4. Find the degree measure of the angle subtended at
the centre of a circle of radius 100 cm by an arc of

length 22 em. (Use:: =¥]

Sol. Here, I =length of arc = 22 cm
r = radius of circle = 100 cm
Let 8 be the angle subtended at the centre, then
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0= £ radians
r
- 22 radians = 1 x 180°
~ 100 "~ 50 I
_ 11x18x_7_ ° _ 68°
| 5 "22) b
12°
hfe3
60
3
x 60
b6/180° 36'
15
30
30
Ans. 12°, 36

5. In a circle of diameter 40 cm, the length of a chord
is 20 cm. Find the length of minor arc of the chord.

Sol.Radiusofcircle:%x40cm=20cm B8

Chord AB = 20 cm
In triangle OAB,
OA = OB = AB
= Triangle is equilateral
= Each angle = 60°
Let arc AB = [ em.

o _ T _F g
Now, 6 = ZAOB = 60° = 60 x 130 3 radians
r=20cm
l=r9=20x§cm [! and r have same units]
_ 20
-3

8. If in two circles, arcs of the same length subtend
angles 60° and 75° at the centre, find the ratio of their
radii.
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Sol. Let the radii of the two circles be 7, and r, respectively.

Also, let the length of arc in each case be L
[-- Arcs are of same length (given)]

: o ;R g
For the first circle, 0 = 60 ~60x180 3rad1ans
We know that l=r@
!
"= 9
{ 8! .
= = — = — ...(E)
"1 n/3 =
For the second circle, 8= 76°=T75x —* = OF r
180 12
=l t 12 D)
6 brn/l2 bn
N .. 33 b5t b
Dividing (i) by (ii), we R R VL
)by G ge nh © 12 4
riiry=56:4

7. Find the angle in radian through which a pendulum

swings if its length is 75 cm and the tip describes an
arc of length:

(i) 10 cm (i) 16 em (i) 21 cm.

Sol. [If one end of an inelastic string is attached to a fixed point

and to the other end is attached a heavy particle (called
bob), then this system is called a pendulum. Length of the
string is called the length of the pendulum.]

Here, r = 756 cm.

@1=10cm
l 10 2 .
B—F_%—IE radians.
() I = 16 cm
l 16 1 .
9-;—75 =5 radians,
@)l =21 ecm
I 21 7 L TN
9—;—75-—25radmns. |
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EXERCISE 3.2 (Page No.: 63)

Find the values of other five trigonometric functions in
Exercises 1 to 5.

1. cosx:——;-,xliesinthirdquadrant.

1
8Sol. Given, cos x =~ g lies in third quadrant.

sec x = =—2 -2

Cos X

| =
I
b | oo

Now, sin?x=1-cos®?x =1 —

J3

= sinx =1 o
Since x lies in third quadrant, sin x will be negative.
sinx=—- — (1)
2
1 2
d = — == —=
and cosec x - 7 (i)
_V3
_§nx 2 _ ;
Also, tan x = ol 1 = 3 «E0)
2
1 1
and cotx = oz - E ()
2, sinx=%,xliesinsacondquadrant.

3
Sol. Given, sin x= 5% lies in second quadrant.

1 b .
cosec X = — = — (D)
sin x 3
9 16
Now, cos?x=1-gin®x=1- — = —

25 25
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4
= cosx == E
Since x lies in second quadrant, cos x will be negative.
cos x = — % ...(F)
and secx = 1 = — 5 R (71)]
cos x 4 '
3
Also, tanx = 2% _ 6 __3 i)
cosx _4 4
5
1 4
andcotx-tanx =-3- (V)

8. cot x = %,xliesinthirdquadrant.

Sol. Given, cot x ii-, x lies in third quadrant.

1 4 .
tan x = = — woll
¥ cot x 3 @
9 26
2. _ 2, _ Moo=
Now,cosecx_1+eotx~1+16 16
b
= cosecx =1=% Z
Since x lies in third quadrant, cosec x will be negative.
b ..
cosec X = — — .(E)
4
and gin x = 1 = - i .(Z20)
cosec X 5
Also, cos x = X . 8in x = cot x sin x
sin x
3 4 3 .
=1 (—g] =~ % ...(0)
1
and ecx=—=—§. ..(v)
coOsS X 3
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4, sec x = —lg,xliesinfourthquadrant.

Sol. Given, sec x = % , * lies in fourth quadrant.

sr=— =3 @)
cosx=—— = 13 o
26 144
22 =1 ey =] 22 o1
Now, sin“x =1 -cos‘x =1 169 169
= sinx =% i—;
Since x lies in fourth quadrant, sin x will be negative.
sin x = 12 ({13}
— 13 ese
1 13
and cosec x = Gnz - 1 . {#E)
_12
Also, tanz = 22% _ 18 12 . iv)
cos x 6 5
13
1 5
and tx = = - —, adl
cot x o 12 ()
5. tanx=—%,xliesinsecondquadrant.
Sol. Given, tan x = — 15—2, x lies in second quadrant.
1 12 .
cot x = m = - 5 ...(l)
25 169
con? v 2, _ =9 _ 25
Now, sec®x =1 + tan“x =1 + 144 = 144
13
= secx =% 12
Since x lies in second quadrant, sec x will be negative.
13 ..
sec x =— 1o ...(#8)
and <cos x = 1 = - 12 ..(EE)
sec x 13
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)

I

1
Bl e
|
/T
&R
—

|
& e

. = —. (V)
sin x b
Find the values of the trigonometric functions in
Exercises 6 to 10.
6. sin 765°.

and cosec x

L
Np)

[.- sin (n x 360° + x) = sin x, n € Z]

Sol. sin 765° = sin (2 x 360° + 45°) = sin 45° =

7. cosec (- 1410°).
Sol. cosec (— 1410°) = cosec (4 x 360° — 1410°)
= cosec (1440° — 1410°) = cosec 30° = 2
['. cosec x = cosec (r x 360° + x), n € Z]

B.tanls—n.
3
- 19n 18n+=w LIRS L
ol.tan?—tan( 3 ]—tan 6ﬂ+3]_tan3 3
[ tan(nn +x)=tan x, n € Z]
11xn
9. sin ('—'—3—'].
Sol. sin (-%ﬁ] - sin (4::—%
[ sinx = sin 2nx + x), n € Z]
Can B o8
=sin g = o .
10, cot(—lﬁ-“—].
4
Sol. cot (__l_én_] = cot (4n-~1—§n—
4 4
[ cot x =cot (nw + x), n € Z]
=cot£=1.
4
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EXERCISE 3.3 (Page No.: 73-74)
1. Prove that: sin® * + cos? = —tan? T = - l
6 3 4 2
. T 1 i3 1 i3
Sol. We know that sin 3 -—2~,cos 3 ——Z-,tanz =1
1 1 1 1
J1D, = | — =] -12= = = -1
LHS (2)Z + (2]2 1 + 1
=l—1=—l=RH.S.
2 2
2, Prove that: 2 sin? ~ + cosec? ZGE cos?® % = %
I 1
Sol, We know that sin r =§
n 6m+T n+£
cosec &~ = cosec 3 = cosec 6
=—cosec —, =~ 2 cosE—l
=—2¢ = ' 3 = 2

3.Provethat:cot”2+cosec — + 8 tan?

Sol. We know that cot — = /3

[« 28]
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2
1
LHS. =(J32+2+3|—| =8+2+1
v (%)
=6 = R.H.S.

4.Provethat:2sin2¥+2c052£+2sec2£=10.

Sol. We know that sin 3= = gin ( n] [11:——)

4
Cein E oL
T4 2
T_1 T
cos4— 2,sec3_
1 1}
LHS. =2 |— 21— 2{2
(ﬁf* (JE]+()2

=1+1+8=10=RHS.
5. Find the value of:
@ 75°
(ii) tan 15°,
Sol. () sin 75° = sin (45° + 30°)
= sin 45° cos 30° + cos 45° sin 30°
[* sin (x + y) = sin x cos ¥ + cos x sin y]

1 V3 1 1 J3+1

= — =2 =
V22 T V22 22
. . . . tan 45° — tan 30°
(iZ) tan 15° = tan (46 ”3O)=1+tan45°tan30°

.. _ =1anx~tm1y
[.tan(x ») 1+tanxtany]
1- L
_ N V3-1
U N P
1+1x—m
V3

Rationalising
_¥3-1 3-1 _ (B-1
T V341 Bo1 0 (BY -1
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3+1-2J3 4-243
=3 = =2~ 3.

2
6. Prove that:

cos (g-x] cos (§-3] - sin (-] sim (5-7)

=sin(x-|-y).

n T . (= . [n
Sol. L.HS. = cos(z—x] cos(z—y] —sm(z x] sm(z y]

=Put Tox-A andE—y=B
4 4

. LHS. =cosAcos B —sin Asin B = cos (A+ B)

= sin (x + y) = R.H.S, [ co8 [g —9J=sin B]

) tan(g+x] 1
7. Prove that: = ( +m’]z.

tan(E—x) 1-tanx
4
tan;:—+tanx )
L n l+tanzx
1 l-tan—.tanx 1—tan x
Sol. L.H.S. = - = - = 1 ten x
tan(z—x) tanz—tanx 1+ tan =
1+tang.tanx

l1+tanx 1+tan x 1+tan x
x = |—— | =RHS.
1-tanx 1-tanx 1-tan x

8. Prove that: _CoS(m+x)cos-x) _ 2,
sin(n—x)cos[g+x]
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111 v

Sol. LHS. - _8m+xcos(-x) _ (Ccosxjcosx

sin(u—x)cos(~;5+x] sin x (- sin x)

11 n
cos® x
== = cot? x = R.H.S.
sin® x
9. Prove that:

cos(—3—2£+x)cos 2r + x)[cot[%-x]+cot(2ﬂ+x)]=1-

Sol. L.LH.S. = cos (E‘E +x] cos (2r + x)

2
v I
[cot [%’5— x]+ cot (21|:+x)]

m I
= gin x cos x [tan x + cot x]
. sinx cosx
= 8in x cos x -

[cosx smx]
.2 2
) sin“ x + cos“ x

=ginxcosx |————| =1=RHS.
cos x 5in %

10. Prove that:
sin(+)xsin(r+2)x+cos(n+1)recos(n +2)xr=cosx.

Sol. LHS. =sin(r+1)xsin(n+2)x+cos(m+1)

' xcos(n +2)x
Pat(n+1)x=Aand (n +2)x=B
sin Asin B +cos Acos B
cos A cos B + sin A sin B = cos (A-B)
cos[(n + 1) x —(n + 2) x] = cos (nx + x — nx — 2x)
= c08 (— x) = cos x = RH.S.

v

< LH.S.

11. Prove that:

cos (3?“+x] - cos (371:_1) = - V2 sin x.
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3n 3r
Sol. LHS. =cos {5 *¥|-cos {5 — %
4 4
3n L c08 > cosx + sin - sinx
= cos 4cosx—sm 2 sin x — 2 4

['.* cos (A + B) = cos A cos B — sin A sin B and
cos (A — B) = cos A cos B + sin A sin B]
3n 3n 3n 3n

= C0S —COS X — 8in — sin x — co8 ——¢o8 X — sin —— sin x
4 4 4 4

i . ] in-n
=—2sin-;smx=—2sm 2 sin x

b1 T 1
= —2 sin (“—z)in:=—2sin 2 sin:=—2.-5 sin x

=—-\2 sinx
12. Prove that: sin? 6x - sin® 4x = sin 2x sin 10x.
Sol. L.H.S. = sin? 6x — sin? 4x
= sin (6x + 4x) sin (6x — 4x)
[~ sin? A — sin? B = sin (A + B) sin (A — B)]
= gin 10x sin 2x = R.H.S.
13. Prove that: cos? 2r - cos® 6x = sin 4x sin 8x.

Sol. L.HS. = cos? 2x — cos? 6x
{Remember: cos? A — cos? B # cos (A + B) cos (A —~ B)]
= (1 — sin? 2x) — (1 — sin? 6x) [’ cos?@ = 1-sin®0]
= sin? 6x — sin? 2¢

= sin (6x + 2x) sin (6x — 2x)
[ sin?A — sin? B = sin (A + B) sin (A — B)]
= gin 8z sin 4x = R.H.S.
14. Prove that: sin 2x + 2 sin 4x + sin 6x = 4 cos? x sin 4x.
Sol. L.H.S. = (gin 6x + sin 2x) + 2 sin 4x

6x +2x 6x - 2x
cos

= 2 s§in 2 + 2 gin 4x
[ sinC+sinD=23inC"2'DcosC;D]

= 2 sin 4x cos 2x + 2 sin 4x
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Taking 2 sin 4r common,
= 2 sin 4x (cos 2x + 1)
=2s8in4x (2cos?x -1+ 1)
= 4 cos? x sin 4x = R.H.S.
15. Prove that: cot4x (sin Bx + sin 3x) = cot x (sin fx - sin 3x).
Sol. L.H.S. = cot 4x (sin 5x + sin 3x)

bx + 3x bxr —3x
cos

= cot 4x . 2 sin

2 2
[ sinC+sinD=23inC+DcosC_D:|
2 2
= cf:s4x . 2 8in 4x cos x
gin
= 2 cos 4x cos x. o)
R.H.S. = cot x (sin 6x — sin 3x)
S5x+3x . Bxr-3x
=cotx. 2 cos sin 2
[ sinC—sinD=2cosC+DsinC—D]
2 2
= 28X 9 cos 4x sin x
sin x
= 2 cos x cos 4x. (i)
From (i) and (ii), we get
LHS. = RH.S. ['.- Each = 2 cos 4x cos x]
16. Prove that: cosx-cosbr _ _ sin 2v .
5in 17x - sin 8x cos 10x

Sol. LHS, = 2089 —cosbx
| sin 17x — sin 3x

. 9x+bx . 9x-5x
-2 8in sin

2 2 .
= 17c+3x . 17x-3x [Using C — D formula]
2 cos sin
2 2
sin 7x sin 2x sin 2x
" cos10xsin 7x  cos 10x R.H.S.
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17. Prove that: sin 5 + sin 3x = tan 4x.

cos 5x + cos 3x

sin bx + sin 3x

Sol. LHS. = oo 5+ cos 52

., bx+3x 5x - 3x
2 sin cos

- 2 2 ; -
N bx+3x bx-3x [Using C-Dformulae]
2 cos co8

2 2

8in 4x cos x sin 4x

= = = tan 4x = R.H-S.
cos 4x cos x cos 4x

18. Prove that: X ~5MY _ tan *-5,
COS X + COS ¥ 2

sin x —sin ¥
COs X+ COS ¥

Sol. L.H.S.

2cos X Y gin *-¥
2 2

x+y x—y
2 2

Cancelling 2 cos izy .

[Using C - D formulae]
2 cos

. x-—y
sin x—
=——2 _tan =Y _RHS.
cos X =¥ 2
2
19. Prove that; Snx*sinds _ @ o

cos ¥ +cos 3x

Sol. LH.S sin x + 8in 3x
T T cos x +cos 3x

. x+3x x—3x
2 sin cos

— 2 2 . _

= 2cosx+3-"cos-""3x [Using C — D formulae]
2 2

o sn2zrcos(zx) _ o _ RHS.

cos 2x cos (— x)
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20. Prove that: w = 2 sin x.

sin’x - cos’x
SoL LHS, - Snz-sndr - (sin 8 - sin 2)
sin“ x — cos” x — (cos® x ~ sIin” x)

cos® x — sin’ x

sin 3x —sin x

3x+xsin3x—x
2 2
cos 2x

2 cos

I

[Using C — D formulae]

[ cos?x — sinZx = cos 2x]
2 cos 2x sin x

o5 Ox = 2 gin x = R.H.S.

21. Prove that: 4x+c?83x+coszx
sin 4x + sin 3x + sin 2x

= cot 3x.

Sol LHS, = (cosdx+cos2s)+cosdz
(sin 4x + sin 2x) + sin 3x

4x +2x 4x —2x
2 cos

¢ 4x + 2xr = 2 x 3x)

cos +cos 3x
- 2 2
. dx+2x 4x-2x .
2sin 2 cos 3 +8in 3x

[Using C — D formulae]
_ 2cos3xcosx+cos 3x
" 2sin 3x cos x +sin 3x
Taking cos 8x common both from numerator and denominator.
- cosdx@eosz+l) _ oo g0 - RHS.
sin 8x (2cos x +1)

22, Prove that: cot x cot 2x - cot 2x cot 83x —cot 3x cotx=1.
Sol. We know that 3x = 2x + x

cot 3x = cot (2x + x)

cot 2xcot x -1
cot x + cot 2x

l:': cot (A+B)= M]

= cot 3x =

cot B+cot A
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cross-multiplying

cot 3x (cot x + cot 2x) = cot 2x cot x — 1
= cot 3x cot x + cot 3x cot 2x = cot 2x cot x — 1
= cot x cot 2x — cot 2x cot 3x — cot 3xr cot x = 1.

4 tan x (1 - tan®x)

23, Prove that: tan 4x = 2 "
1-6tan“y + tan“x

2 tan A
1-tan? A
Put A=2r,

Sol. Since tan 2A =

2[ 2 tan x
2
tan 4z = 2tan;‘?..r _ 1-tan“x
1-tan“2x ) [21;3111!

1-tan®x

~ _gs._.._.../

4tan x
1-tan’ x
__dan’x
(1—tan® x)

4 tan x
_ 1-tan’x
" (-tan®x) -4tan’x
(1- tan? x)®

4 tan x (1 - tan® %)
1-2tan®x+tan®x -4 tan?x

4 tan x (1-tan®x)
1—6tan2x+tan4x'
24. Prove that: cos 4x = 1 - 8 sin? x cos® x.
Sol Since cos2A=1-23gn?A
Put A=2x,

cos 4x=1- 2 gin? 2¢

=1 - 22 sin x cos x)?

=1 - 8 sin? x cos? x.
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25. Prove that: cos 6x = 32 cos® x - 48 cos?x + 18 cos®x - 1,
Sol. Since cos 2A=2cos?A-1
Put A=3x,
cos Bx=2 cosZ 3x — 1
=24cos?x-3cosx)?-1
=2(16 cos® x — 24 cos? x + 9 cos® x) - 1
=32 cos® x — 48 cos® x + 18 cos? x — 1.

EXERCISE 3.4 (Page No.: 78)

Note : For general solutions, it is customary to use the following
relations:

-sin a@ =sin (1 + ), - cos @ = cos (t - @) and

- tan ¢ = tan (T - @)
Find the principal and general solutions of the following
equations:

1. tan x = /3 2 secx =2

S.cot x=-3 4. cosecx = -2

Sol. 1. tanx = |3
(i) Since tan x is positive, principal solutions (i.e. values
of x between 0° and 360° = 21) are in first and third

quadrants.
Now, tan x = /3 I
tan T = tan [7+2) ie, tan =¥
= 3 = 3 | ie, 3
Principal solutions are g, i3E

(i) Since tanzx= 3 = tan g

]
xX=nt+ "g,

n € Z is the general solution.

2 secx =2 =>cosx=-;-

(¥) Since cos x is positive, principal solutions are in first
and fourth quadrants.

www.chsepdf.com


http://www.cbsepdf.com

https://ncert.info

81

Now, cos x = 1
2 v
=cos = =cos |2n—2 |, ie, cos LL
R 3y 3
Principal solutions are %, 5?“

i Qu 1 n
@) Smcecosx-a = cos -,

T
= t+ —
x =2nx 3
n € Z is the general solution,
1
3 cot x =—-y3 =>tanx = - —
v B

(®) Since tan x is negative, principal solutions are in second
and fourth quadrants.

1 n
Now, tanx = - — = ~ tan —
NE 6
11
= tan (n—%), ie, tan %:
v
R 11
and tan [2"—6], i.e, tan —6£
11
Principal solutions are %, Tn
(i) Since tan x =— = = — tan =
(23 nce X =- '—5 = — 6
n bx
=tan (ﬂ:—-—é—] = tan 6
P L
= 5’

n € Z is the general solution.
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4, cosecx=—-2 = sinx:—}z—

(!) Since sin x is negative, principal solutions are in third
and fourth quadrants.

. 1 . =
Now, sinx=- - =-8mn 3
2 6
III
. N P (k]
=gin |n g,z.e.,sm 8
. Ty . . 1z
and = sin [2 E]’ i.e., sin e
v
Principal solutions are %, l;_n
i . 1 . T . |
o —— I e — & —
() Since sin x 2 sin 8 sin (u 6]
s 1T
B 6
n
= -1, —
x=nn+{(-1) 5’

n € 7 is the general solution.

Find the general solution for each of the following
equations:

5. cos 4x = cos 2x 6. cos 3r +cosx~cos2x = 0

7.sin2xr +cosx=0 8. sec® 2v = 1 - tan 2x

9, sin x + sin 3x + sin 6xr = 0.
Sol.

B. Given equation is cos 4xr = cos 2x

or cos 4xr -cos 2xr =0

4x+2x |, 4x—-2x

or — 2 sin 2 sin 2 =0
[ cosC—cosD=-—23inC+DsinC;D]
or sin3xsinx =10
= sind3x =0 or sinx=0
= Ix=npr or x=nr ne Z

nn
x=—3—,n1r., nel
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6.

7.

Given equation is cos 3xr + cos x —cos 2x = 0

3 3x —
or 2 cos 12+I cos xzx —co8 2r =0(3x +x = 2 x 2x)

C+D C—D]

[ cos C+cos D=2cos cos 3

or 2co82xcosx—cos 2x =0
Taking cos 2xr common, co8 2x(2 cos x — 1) = 0
= either cos 2x = 0 or 2cosx—-1=

pj= @

= 2x=(2n+1)g,nez or cos x

w3

= x=(2n+1)§,nez Or COS X = CO8

T ./
:c=(2n+1)z or x=2n1ti-§,n.EZ.
Given equation is sin 2xr + cos x = 0
or 2sinxcosx +cosx=0
or cosx(@sinx+1)=0
or either cosx=0o0r 2sinx+1=0
1 n

m . . I
=>:c=(2n+1)§,nez or sinx=- o =-sin ¢

—sin [n+%) = sin 1%
- 6 6

= :c=(2n+1)g or x=n1t+(—1)”.?,nez.

Given equation is sec? 2x = 1 - tan 2«
or 1+tan® 2x =1 - tan 2x
- sec?0 =1 + tan?0
or tanZ 2¢ + tan 2x = 0
or tan 2¢x (tan 2x + 1) = 0
= either tan 2x = 0 or tan 2x + 1 =0

= 2x=nn,neZ or tan2:x=—1=—tan%

T 3r
)
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nn 3n
= x=?, or 2t—nﬂ+Z,neZ
= = LN
r= 2° or x= 2 + 8:":6 .
9. Given equation is sin x + sin 3x + sin 62 = 0
or (sin 6x + sin 2} + sin 3x = 0
o bx+x=2x 3x)
. C+D C-D
Applying (sin C + sin D) = 2sin cos ==
b Bx —
or 2 sin x;—x cos x21+sin3x.._.0
or 25n3xcos 2x +5in 3x =0

Taking sin 3xr common
gin3x 2cos2x+1)=0
= either sin 3x = 0 or 2c082x+1=0

1 X
= dx=nn,nel or cos?a::—E:—cosE
cos [n-Z -cosE
- 3) 3
nr 2n
= x=—3—,neZ or b:Znni?,neZ
nn T
= — =nRt — A
= x 3 or «x m'c_3,neZ

MISCELLANEOUS EXERCISE ON CHAPTER 3
(Page No.: 81-82)

Provethat.ﬂcos—cos&+coss—u+cosﬁ= 0.
13 13 13 13
9n n In 3n br
l. L.HS, = —_— = ——-— = —
Sol, LLH.S. = cos (13+13] cos (13 13)+cos 13 + cos 13

['.- 2cosA. cos B=cos(A+B)+ cos (A~ B)]
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10x (—81:] 3n bn
=08 — +¢€08 |—— | + cos = +cos —

13 13 13 13

10n 8n 3n
=C0S —— + €08 — + CO5 — + CO5 —

13 13 13 13
[*. cos (- 0) = cos 0]

13n-3n 13n-5n 3n
+ c0S + €08 — + €08 ——

CO
13 13 13 13
= C08 TE—EE + C0S E—s—n + CO8 — 3n + €08 EE
B 13 13 13 13
I i |

brx
_—cos3—“—cos§7£ +cos — 3n + €08 —

13 13 13 13
|.* cos (7 0) = —cos 0

= Co8

=0=RH.S.
2. Prove that:
(sin 3x + sin x) sin x + (cos 3x - cos x) cos x = 0.
Sol. L.HS. = (sin 3x + sin x) sin x + (cos 3x — cos x) cos x

= 2 gin 3z +x cos 2-x sin x
- 2 2
2 sin 8z+x sin 8z —x Ccos x
2 2

[Using C — D formulae]
= 2 sin 2x cos x sin x — 2 sin 2x sin x cos x

=0=RHS.
3. Prove that:
(cos x + cos ¥)? + (sin x - sin y)® = 4 cos? x;y.

Sol. L.H.S. = (cos x + cos ¥)? + (sin x — sin y)?
_ x+y x-y Xty . x-y
_(Zcos——z cos—z] (Zcos ) 2 T
[Using C — D formulae]

x+y 92 X—Y s Xty ., X-Y%
2 cos 2 + 4 cos 2 sin 2

= 4 cos?
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x+

Taking 4 cos? Y common,

+y (0052 XY tgin? x—y)

g X

=4 cos 2 2

(using cos?0 + sin®0 = 1)
x+y

ty x 1 = 4 cos? = R.H.S.

= 4 cos? X
4. Prove that:

(cos x — cos y)? + (sin x — sin y)* = 4 sin® x-3,

Sol. L.H.S. = (cos x — cos y)? + (sin x — sin y)*

. X+y . :(:—y]2 x+y . x—y]2
~ |-2sin> < gin2 < 2 =7
[ sin == sin — +( cos —— = sin —

[Using C — D formulae]

g X+Y¥ . 5, XY g X+Yy sin? x—y

= 4 sin 2 sin 2 + 4 cos 2 2
g2 T a2 XYY 2 XY

= 4 sin 2 (sm 2 2

= 4 gin? x;y x 1 (. sin? 0 + cos? 6 =1)

-4 gn? 22 - RHS.

5. Prove that:
sin x + sin 3x + sin 5x + sin 7x = 4cos x cos 2x sin 4x,
Sol. L.H.S. = sin x + sin 3x + sin &x + sin 7x

= (sin 7x + sin %) + (sin 6x + sin 3x) |'. Tx + x = bx + 3x
. Tx+x 7x¥'x . bx+3x bx —3x
= 2 sin cos + 2 sin cos ———
2 2 2 2

[Using C — D formulae]
= 2 sin 4x cos 3x + 2 sin 4x cos x
Taking 2 sin 4x common.

= 2 sin 4x (cos 3x + cos x)
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3x+x co 3x—=x
gz %72
[Using C — D formulae]

=2 gin 4x . 2 cos

= 4 sin 4x cos 2x cos x
= 4 cos x cos 2x sin 4r = RH.S.

(sin 7x + sin Bx) + (sin 9x + sin 3x)
(cos 7x + cos Bx) + (cos 9x + cos 3x)

6. Prove that: = tan 6Gx.

(sin 7x + sin bx) + (sin 9x + sin 3x)
Sol. LHS. = (cos Tx + cos Bx) + (cos 9x + cos 3x)

7x + Bx 7x —bx 9x +3x Ox -3x
cos cos

2 sin +2sin
- 2 2 2 2
2 cos 7x + bx cos 7;\:—!2'3:c_'_2ms 9x + 3x cos 9x - 3x
2 2 2 2

{Using C — D formulae]
2 gin 6x cos x + 2 sin 6x cos 3x
2cpsﬁxcosx+2c056xcosax

Taking 2 sin 6x common from numerator and 2 cos 6x
common from denominator,

2 sin 6x (cos x + cos 3x)
2 cos 6x (cos x + cos 3x)

sin 6x

= = tan 6x = R.H.S.
cos 6x
7. Prove that:
sin3x+sin2x-sinx=4sinxco%cos 3?’
Sol. LLHS. = sin 3x + sin 2x — sin x
= (gin 3x — sin x) + sin 2x
=2 cos X% Gn 3T | in 2¢ [Using C ~ D formulae)

2 2
=2cos 2xsinx + 28in xcos x
= 2 gin x (cos 2x + cos x)
2x+x 2x — x
cos
2 2
[Using C — D formulae]

=2 sin x . 2 cos
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= 4 sin x cos = cos 3—1 = R.H.S.
2 2
. . x x x . . .
Fingd sin 20008 5 and tan rY in each of the following in

Exercises 8 to 10:

8. tanx:—g,xinquadmntﬂ.

Sol. tan x = —g y (x is in qudrant II i.e. g<x<n)

- E X_.T
4 2 2
. AT . x
Le, 5 lies in the first quadrant, so that all ¢-ratios of g are
positive.
Nowsec?x=1+tan?x = 1+-1—6= ﬂ=§
: 9 9 9
S osecx = ig
But x is in IInd Quadrant
. . 5 3
. Secx 18 negafive and = -3 =co8x = “5
We know that sinzg = l—gosx I+, sin%@ =1;°,;‘°‘£

. X 1—cosx (3]
sm§=i-J 2 =i1——§
2
4 2
=
i\/;- 5

But % is in the first quadrant, therefore sm% is positive
2
and=J§
1
We know that cos? ; = +(;)sx [+ cos?0 = 1+c;s29
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1-3
cos§_=if1+cosx=i 5=il
2"V 2 2 5
x 1 X .
cos 2= (. Elsmlstquadra.nt)
2
gin®f =
nZo—2_35 _,
ws®t L
2 b

T x 3rn I - o
= 9 <9 < Y = 90 <§<135
i.e., -';— lies in the second quadrant, so that sin % >0,

cos z <0andtan£ <0.

2 2
We know that
g% 1-cosx
sin® 5 = 2
e [T
x 1-cosx 3 2
sin 9 = iv 2 == 9 =% 3
. X 2 - gn®
sin 5 = 3 [ sm2>0]
2 X l+cosx
Again, cos® o = 2
x l+cosx
cos 2 =% 2
x - l1+cosx . x
Cos 5 = 2 (- cos 2 <0)
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sin > \/2
e O R
EEE I st
2 VB

10, sin x = %,xinquadrant .

Sol. sinx = %, (x in quadrant II, ie, g <X <)
KX T
= 47272
i.e.,g—liesintheﬁrstquadrant,sothata]lt-ratios of% are
positive.
-1 15
2. _1_ginfr=1c — =2
Also, cos’x=1—-sin“x=1 6= 16
wsx:i@

and cos x is negative in the second quadrant. (x is given to
be in the second quadrant)

Ji5
= COB X =~— —
4
We know that sin? % = 1_‘;033
J15
o X [oesx [T
2~ 2 2
_ 4+J1_5
- 8

-

8+2/15 _ \/5+3+2\/§J§
16 16
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_ J(J') +(V3f +24543 \Frw]‘ J'+J'

16

Simil 1y’ % I+COSI f
~ {4 V15
"V 8 T 4

(For simplification, see the simplification for sin % )

mge
2
_J_+J__J_+J_ J5++3
J6-v3  J6-43 *B+43
(Rationalising)
=(~/§+J§)2 5+3+24543 8+2w/_ =4+ VIB.
5-3 2
00
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